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Abstract

In this paper, we prove Kirchberg-type inequalities for arghler spin foliation. Their limiting-
cases are then characterized as being transversal minimal Einstein foliations. The key point is to
introduce the transversaldlerian twistor operators.
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1. Introduction

On a compact Riemannian spin manifold’(, gss), Th. Friedrich[1] showed that any
eigenvalue. of the Dirac operator satisfies

n

2> " s,
“4n-1"°

(1.1)
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where Sp denotes the infimum of the scalar curvatureMaf The limiting case in1.1) is
characterized by the existence &@ling spinor. As a consequendéis Einstein. Kirchberg
[4] established that, on such manifolds any eigenvalaatisfies the inequalities

m+1

32 > 4m

So ifmisodd

m So if mis even
—_— m
dm—1)"°

On a compact Riemannian spin foliatioM (g, F) of codimension; with a bundle-like
metricgy, such that the mean curvaturés a basic coclosed 1-form, Jufig] showed that
any eigenvalue. of the transversal Dirac operator satisfies

q
22 >
4(g - 1)

wherng =infy(cV + ||?), heres" denotes the transversal scalar curvature with the
transversal Levi—Civita connection The limiting case ir{1.2)is characterized by the fact
thatFis minimal ¢ = 0) and transversally Einstein (s€keorem 3.1 The main result of
this paper is the following.

Ky, (1.2)

Theorem 1.1. Let (M, gy, F) be a compact Riemannian manifold with a Kdihler spin
foliation F of codimension g = 2m and a bundle-like metric gy;. Assume that « is a basic
coclosed 1-form, then any eigenvalue A of the transversal Dirac operator satisfies:

1
22> %Kg if misodd (1.3)
and
XZ>LKV if miseven (1.4)
“4m-1)"0 ‘ '

The limiting case in(1.3) is characterized by the fact that the foliation is minimal
and by existence of a transversahlderian Killing spinor (se@heorem 4.3 We refer
to Theorem 4.4or the equality case ifiL.4).

We point out that inequalitfl.3)was proved by Jund.4] with the additional assumption
thatk is transversally holomorphic. The author would like to thank Oussama Hijazi for his
support.

2. Foliated manifolds

In this section, we summarize some standard facts about foliations. For more details, we
refer to[8,13].

Let (M, gp) be a p + g)-dimensional Riemannian manifold and a foliatidrof codi-
mensiong and letV¥ be the Levi—Civita connection associated witja. We consider the
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exact sequence
0—L-ST1M- L 0 — 0,

whereL is the tangent bundle @i andQ = TM/L ~ L+ the normal bundle. We assume
gum to be abundle-like metric on Q, that means the induced metgig verifies the holonomy
invariance condition:

Lxgop=0 VX erI(L),

whereLy is the Lie derivative with respect 6. Let V be the connection o@ defined by:

7[X,Y,] VX € I'(L),
Vxs = M 1
(VYY) VX € I'(LY),

wheres € I'(Q) andY; is the unique vector of (L) such thatz(Y;) = s. The connection
V is metric and torsion-free. The curvatureWiacts onl"(Q) by:

RY(X,Y)s = VxVys — VyVxs — Vix.y}s VX, Y € x(M).
The transversal Ricci curvature is defined by:
q
pUIrN(Q) > Q. X p'(X)=) RV(X.¢))e;.
j=1
Also, we define the transversal scalar curvature:

q q
oV =Y go(p¥(e).e) =Y RY(eiej e e),

i=1 i,j=1

,,,,,

g0(RY(X,Y)Z, W), forall X, Y, Z, W € I'(Q). The foliationF is said to be transversally
Einstein if and only if

1
oV = ZoVld

with constant transversal scalar curvature. The mean curvat@eésajiven by:

K(X) = go(r. X) VX e I'(Q),
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wherer = Zle I1(ey, e;), with {e;};—1,... » is a local orthonormal frame af (L) and/[ is
the second fundamental form &fdefined by:

I1: (L) x I'(L) — I'(Q), (X,Y) = (X, Y) = n(V¥Y).
We define basie-forms by:

"(F) = {® € A'T*M|XL® = 0andX. d® = 0, VX € I'(L)},

where d is the exterior derivative atXl_ is the interior product. Anyp € §2%(F) can be
locally written as

Yo By Ay A A dyy,

I<ji<-<jr=q

where 0/0x;)Bj,.....;, =0Vi =1, ..., p. With the local expression of basieforms, one
can verify thatc is closed ifF is isoparametrici € Q}g(]-‘)). For allr > O:

d(€25(F) € ().

We denote byip = d|o,7) Where2p(F) is the tensor algebra ab;(F). We have the
following formulas:

q q
dBZZe;/\Vei and (SB:—Zeingi—i-KL,
i=1 i=1

where§p is the adjoint operator ofig with respect to the induced scalar product and
{ej}i=1,....q Is @ local orthonormal frame @.

3. The transversal Dirac operator on Kihler Foliations

In this section, we start by recalling some facts on Riemannian foliations which could be
found in[9-11,13] For completeness, we also sketch a straightforward proof of inequality
(1.2)established ifil 3] and end by recalling well-known facts (5€e5,2,3,14] on Kahler
spin foliations.

On a foliated Riemannian manifold4, g,;, ), a transversal spin structure is a pair
(SpinQ, n) where SpirQ is a Spin-principal fibre bundle ove¥ andn a 2-fold cover such
that the following diagram commutes:

Spin@ x Spin, —— SpinQ

-

S0Q

M

nQAd

SOQ x SO,
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The maps Spi@ x Spin, — SpinQ, and S@ x SO, — SOQ, are, respectively, the
actions of Spip and SQ on the principal fibre bundles Spihand S@. In this case,
F is called a transversal spin foliation. We define the foliated spinor bundl§(#)::=
SpinQ x, X, wherep : Spin, — Aut (Eq), is the complex spin representation abg
is aC vector space of dimensioviwith N = 2[9/2] where [] stands for the integer part.
Recall that the Clifford multiplicatioo\ on S(F) is given by:

M I(Q) x I'(S(F)) — I'(S(F)), X ¥ X-w
There is a natural Hermitian product 8(F) such that, for allX, Y € I'(Q), the following
relations are true:
(X ¥ Q) =—(¥ X D), X(¥ @) = (Vx¥ @) + (¥ Vx D),
Vy(X-¥)=(VyX) - ¥+ X - (Vy¥),
whereV is the Levi—Civita connection ofi(¥) and¥; @ € I'(S(F)).

The transversal Dirac operat®;10]is locally given by:

q
1
Dtrl1/=Zei-Veil1/—§K~llf (3.1)
i=1

for all ¥ € I'(S(F)). We can easily prove using Green’s theorf] that this operator
is formally self adjoint. Furthermore, ifL0] it is proved that ifF is isoparametric and
gk = 0, then we have the Sdbdinger—Lichnerowicz formula:

1
DY = ViVyW + ZKZlI/,

wherekY = oV + |«|? and
q
VaVy¥ = — Z V2 WA+ VW
i=1

With VZ , = VxVy — Vy,y, forall X, Y € I'(TM).
Denote byP the transversal twistor operator defined by

P I(S(F) 2> 1(0* ® S(F) > I'kerM),

wherer is the orthogonal projection on the kernel of the Clifford multiplicatibh With
respect to a local orthonormal frarfe, . . ., e,}, for all ¥ € I"(S(F)), one has

q
1 1
PU=) €® (ve,w+qe,~Dt,w+2qei.K.w). (3.2)
i=1
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For any spinor fieldr, one can easily show that
q
> e Py =0. (3.3)
i=1
Now we give a simple proof of the following theorem.
Theorem 3.1 (Jung[13]). Let (M, gur, F) be a compact Riemannian manifold with a spin

foliation F of codimension q and a bundle-like metric gy with k € .Q%;(]:). Assume that
dpk = O and let A be an eigenvalue of the transversal Dirac operator, then

22> 4(qq_ 1)K§. (3.4)

Proof. Forall¥ e I'(S(F)), we have using identitie@.2), (3.3)and(3.1).
2 g2 L 2 1 1 2w2
[PYI° = VIS = — Dy — —R(Dy¥ k- ) — —|k|7|¥]°.
q q 4q

For any spinor fieldp, we have that®, « - @) = —(k - &, @) = —(®, k - @), so the scalar
product b, « - @) is a pure imaginary function. Hence for any eigenspifiof the transver-
sal Dirac operator, we obtain

1 1
/|7>W|2+—/ |K|2|W|2=/ |V”W|2—f/ 222
M 4q Jm M qJm

from which we deducg3.4) with the help of the Sclidinger—Lichnerowicz formula. Fi-
nally, we can easily prove in the limiting case ttféis minimal i.ex = 0, and transversally
Einstein. O

A foliation F is called Kahler if there exists a complex parallel orthogonal struc-
ture J : I'(Q) — I'(Q) (dimQ = g = 2m). Let 2 be the associated&ler, i.e., for all
X, YerlI(Q) 2(X,Y)=go(J(X),Y)=—go(X, J(Y)). The Kahler form can be locally
expressed as

1 1
9=§;ei~f(e,-)=—5;uei)~ei

andforallX € I'(Q), we have 2, X] := £ - X — X - 2 = 2J(X). Under the action of the
Kahler form, the spinor bundle splits into an orthogonal sum

SP) = & (7).

whereS, (F) is an eigenbundle associated with the eigenvalye= i(2r — m) of the Kahler
form £2. Moreover, the spinor bundle of a&lkler spin foliation carries a parallel anti-linear
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mapj satisfying the relations:
P=Ey et 2 (X =0, (% j®) = (8, )
and we havg¥, = (j¥),,—,. ForallX € I'(Q), we have
p+(X) - $(F) C S4a(F) and p_(X)- Sy(F) C Sy-1(F),
wherep.(X) = (X FiJ(X))/2. We define the operatdy, by
! 1

Dtrlp = Z J(ei) - Ve, ¥ — 2
i=1

J(x) - &

The local expression aby, is independent of the choice of the local frame and by Green'’s
theorem[12], we prove that this operator is self-adjoint. On at#er spin foliation, the
operatorsDy and Dy, satisfy:

[2. Dy] = 2Dy, (3.5)
[2. Dy] = —2Dy, (3.6)
[, D§] =0, 3.7)
DyDy + DyDy =0, (3.8)
Df = Df. (3.9)

We should point out thags. (3.7)—(3.9@are true under the assumptions tifés isopara-
metric anddgx = 0. Now we define the two operators, andD_ by

Dy = 3(Dy —iDy) and D_ = 3(Dy +iDy). (3.10)
Furthermore Dy splits intoD4 and D_, and we have the two exact sequences:
D_ D_ D_
I(Sn(F) — - I'(5(F) — I'(S$-1(F)) — -+ T'(So(F)). (3.11)
D D D
[ (So(F) —> -~ I (S (F) —> T(Sr42(F) —> - T(Su(F))- (3.12)

4. Eigenvalues of the transversal Dirac operator

In this section, we prove Kirchberg-type inequalities by using the transveégdéKan
twistor operators on ghler spin foliations. We refer §@,6].

Definition 4.1. On a Kahler spin foliation, we define the transversaitferian twistor
operators by

PO 1 (5,(F) Lo 1(0* ® $,(F) = I'(kerM,),
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whereM,. is the transversal Clifford multiplication defined by

M, : F(Q* ® Sr(]:)) - F(Sr—l(]')) D F(Sr+1(f))a
XQY¥r > p_(X) ¥ & pi(X) - .

Forallr € {0, ..., m} and¥, € I'(S,(F)), we have

q
PO, =" ef ® (VoW + arp—(ei) - Dy Wy + brpo(ei) - D), (4.1)
i=1
whereDy = Dy + (1/2)p+(x) with a, = 1/(2(r + 1)) andb, = 1/(2(m — r + 1)). For
any spinor field?, € I'(S,(F)), we can easily prove

q
Z e - Pg)q/r =0. (4.2)
i=1

Remark 4.2. For any non-zero eigenvalueof Dy, there exists a spinor fieldl € I'(S(F))
called of type £ r + 1), such thaDy ¥ = AW and¥ = ¥, + W1, withr € {0, ..., m —
1}. By using(3.10)—(3.12)tfollows thatD_¥, = D W, 1 = 0,D_W, 1 = A¥,, D, ¥, =
Arprand[[¥ 2 = ¥4l 2.

Proof. Lety be an eigenspinor dby. There exists an such thatp, does not vanish. Let
¥ = 1D_D,g, + D¢, One can easily get th@dy¥ = Aw. O

Theorem 4.3. Let (M, gy, F) be a compact Riemannian manifold with a Kiihler spin
foliation F of codimension q = 2m and a bundle-like metric gy with « € .Q};(]:) and
dpk = 0. Then any eigenvalue ) of the transversal Dirac operator, satisfies
m + 1Kv

am O
If W is an eigenspinor of type (r, r + 1) associated with an eigenvalue A satisfying equality
in (4.3), then r = (m — 1)/2, the foliation F is minimal and for all X € I'(Q), the spinor
Y satisfies

22> (4.3)

A . -
Vx¥ + m(X W —igJ(X) W) =0, (4.4)

where ¢ = (—1)"Y/2 and ¥ = (-1 (¥, — W,11). As a consequence m is odd and F is

transversally Einstein with non-negative constant transversal curvature o .

Proof. For allw, € I'(S.(F)), using identitieg4.1) and (4.2)we have

q q
PO 2 =3 P02 =3 (PO, v, )

i=1

i=1
q

= Z(Ve,- v, + arp—(ei) Dy, + brp+(ei) -D_¥,, Ve; Wr)-
i=1
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Finally we obtain:
PO, 2 = V", 2 — a,|D W, |2 — b D_0,)2. (4.5)

Let A be an eigenvalue dby and let¥ an eigenspinor of type;(r + 1). Applying equality
(4.5)to ¥,, one gets

PO = V02 — 002 (W1 — @ AR (Wg1, po(K) - ¥

a b
— 1P w2 = lp () - w2

By the Schodinger-Lichnerowicz formula and by the fact tiatand¥, 1 have the same
L?-norms, we get

ay br
PR RNy RN
M 4 M 4 M

= [ (@-ap2=3x7) - an [ sis it -0, (4.6)

Similarly applying(4.5)to ¥, 1, we obtain

ar4+1 b 1
/ P, )2 + == / |p+(x)~wr+1|2+% / |p—(k) - Pry1[?
M M M

1
= / ((l - br+1))L2 - 4K§> |l’pr+1|2 + br+1)\/ m(lpr—&-lv P+(’<) . lI/r), (4-7)
M M

wherekY = oV + |«|. Inorderto getrid the terma [,, %(¥11, p+ (k) - %), sincethe L.h.s.
of (4.6) and (4.7)are non-negative, dividin@.6) by a, and(4.7) by b,1 then summing
up, we find by substituting the values@fandb, 1 1:

2=ty
~ 4dm
Now, we discuss the limiting case of inequal{@.3). Dividing (4.6) by a, and (4.7) by
b,+1 then summing up as before, and substitutingb,,1 and A2 by their values, we
easily deduce that = 0, Py, = 0 andPV"+tDw, , = 0. Hence by(4.6), we find that
12 = (1/4(1 — a,))oo = (m + 1/4m)oo Whereog = infy; oV, thenr = (m — 1)/2 andm
is odd. It remains to prove that satisfie(4.4). Forr = (m — 1)/2, by definition of the
Kahlerian twistor operators, for alle {1, ..., ¢}, we obtain

A
Vejlpr + mp_(e'/) W41=0

and

Vejlpr—i-l + P+(ej) -9, =0.

m+1

Summing up the two equations, we §ét4)for X = ¢;. Using Ricci identity in(4.4), one
easily proves thaf is transversally Einstein.d
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Theorem 4.4. Under the same conditions as in Theorem 4.3or m even, any eigenvalue A
of the transversal Dirac operator satisfies

m
> kY. 4.8
“am-1)° (4.8)
If W is an eigenspinor of type (r, r + 1) associated with an eigenvalue satisfying equality in
(4.8), then r = m /2, the foliation F is minimal and W satisfies for all X € I'(Q):

XZ

A
VW1 = —=(X — iJX) - W, (4.9)
q

Proof. Let ¥ an eigenspinor of typer,(r + 1) associated with any eigenvalueof the
transversal Dirac operatd; . Recalling equalitie$4.6) and (4.7)we have

1
o= | ((1—ar)x2—KZ) 2 = a9 94 1) (4.10)
M 4 M

and
1
0< / ((1—br+1)x2—41<§) @41l + by / R, pre) - 97). (4.11)
M M

Hence ifA [}, W(¥41, p+(x) - &) < 0, then by(4.11)

2 v
ME A
The antilinear isomorphisphsendssS, (F) to S,,—-(F). This allows the choice gf, to be
non-negative (i.ex > m/2) wherep, is the eigenvalue associated with. Then a careful
study of the graph of the functiory — b,1), yields(4.8).

On the other hand & fM R(W+1, p+() - &) > 0. ApplyingEq. (4.5)to the spinorjw,
which is a spinor of typert — (r + 1), m — r), we find the same inequalities &10) and
(4.11) then

1 K§
l—a, 4°

22>

As before we can choose, (-+1) > 0 (i.e.r < 7 — 1). A careful study of the graph of
the function ¥(1 — a,) gives inequality(4.8).

Now we discuss the limiting case ¢£.8). As we have seen, it could not be achieved if
A [y W41, p4(x) - ¥) > 0, so only the other case should be considered4B), one
has

ar+1 bria
/ [Py, 12 + r: / P+ () - Wy + rz / 1P~ #rial® = brisk
M M M

x / R(Wys1. pi(€) - W) = (L= braa)
M

m 1
Ky — KY ) w42 4.12
X/M<4(m—1> T, “)' +l (412)
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Sincem /(m — 1) = inf,>,,/2(1/(1 — b,41)), and the L.h.s. of4.12)is non-negative, we de-
duce thaik = 0, P, 1 = 0 andm/(m — 1) = 1/(1 — by41) SOr = m/2. It remains to

show thatEq. (4.9)holds. For this, takeX = ¢; where{e;};—1 ., is a local orthonor-

mal frame. Forr = m/2, and by definition of the Khlerian twistor operators, for all
jef{l,...,q}, we obtain

A
Ve Wri1+ g(ej' —iJe))- ¥, =0. 0O
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